We show that for X a proper CAT(−1) space there is a maximal open subset of the horofunction compactification of X × X with respect to the maximum metric that compactifies the diagonal action of an infinite quasi-convex group of the isometries of X. We also consider the product action of two quasi-convex representations of an infinite hyperbolic group on the product of two different proper CAT(−1) spaces. arXiv:1809.08189v1 [math.GT] 
Introduction
The action of a discrete group Γ of isometries on the ideal boundary of a proper CAT(−1) space X has a dynamical decomposition ∂ ∞ X = Ω Γ Λ Γ , where Λ Γ is the limit set of the action, and Ω Γ is the largest open set of the ideal boundary where Γ acts properly discontinuously [5] . In addition, if Γ is quasi-convex, then the action on X ∪ Ω Γ is also properly discontinuous and cocompact, so Ω Γ compactifies the action of Γ on X [15] .
In contrast, for CAT(0) spaces the dynamical decomposition of the visual boundary no longer holds. It may happen, for instance, that there exist several maximal subsets of the ideal boundary where the action is properly discontinuous or it may also happen that such a set does not exist. There are some works in this line, for instance [14] or [10] in the context of symmetric spaces. In this article we consider the case of the product of two proper CAT(−1) spaces, which is a CAT(0) space.
As an example of action on a product of CAT(−1) spaces, consider a cocompact fuchsian group Γ < Isom(H 2 ) acting diagonally on H 2 × H 2 . The ideal boundary of H 2 is ∂ ∞ H 2 ∼ = S 1 , so the visual boundary of the product is the spherical join of two circles, ∂ ∞ (H 2 × H 2 ) ∼ = S 1 × S 1 × [0, π/2]/ ∼, where ∼ is the relation that collapses each set { * } × S 1 × {0} and S 1 × { * } × {π/2} to a point. The diagonal action on the ideal boundary preserves the sets S 1 × S 1 × {θ} for each θ ∈ [0, π/2], so finding a domain of discontinuity amounts to find a domain of discontinuity for the diagonal action on S 1 ×S 1 . This is not possible, since the action on S 1 × S 1 has a dense orbit [12, Thm. 3.6 .1] and hence admits no domain of discontinuity.
In this example it is worth to notice that the visual compactification of H 2 × H 2 is the horofunction compactification with respect to the product metric, or 2 metric. Instead, here we work with the ∞ or maximum metric, which happens to be better suited for those compactifications.
Date: September 24, 2018. First author supported by grant BES-2013-065701. Both authors partially supported by grant FEDER-Meic MTM2015-66165-P.. For X 1 , X 2 two proper CAT(−1) spaces, we denote their horofunction compactification with respect to the max metric by X 1 × X 2 max . It turns out that the ideal boundary of this compactification, ∂ max ∞ (X 1 × X 2 ), is homeomorphic to the join of the boundaries of each factor. In particular, the ideal boundaries for both metrics, 2 and ∞ , are homeomorphic, but their compactifications are not equivalent, since the identity does not extend continuously to the compactifications. The max compactification is adapted to diagonal actions, as it allows to find an ideal subset where the diagonal action is properly discontinuous and which compactifies the action, the main theorem of this paper being: When Γ acts cocompactly on X, the theorem has been proved in [8] . To prove Theorem 1.1 we show that the nearest point projection from X × X to the diagonal, by the max metric, extends continuously to a map on ∂ max ∞ (X × X) with image on the compactification of the diagonal. The ideal boundary ∂ max ∞ (X 1 × X 2 ) decomposes in two parts, the regular and the singular one. The former, ∂ max ∞ (X 1 × X 2 ) reg , consist of points that correspond to the maximum of two Busemann functions, one on each factor, and is homeomorphic to ∂ ∞ X 1 × ∂ ∞ X 2 × R. The singular part, ∂ max ∞ (X 1 × X 2 ) sing , consists of points which are Busemann functions in one of the factors, and it is homeomorphic to ∂ ∞ X 1 ∂ ∞ X 2 .
In a CAT(0) space, the limit set Λ Γ is the set of accumulation points in the ideal boundary of an orbit, and it is independent of the choice of the orbit. In our setting, since the max metric is no longer CAT(0), the set of accumulation points of an orbit depends on the orbit, so we consider the large limit set, which we define as the union of all the accumulation points of each orbit. For a diagonal action it turns out that the large limit set is contained in the regular part of the boundary and that Ω max Γ is the complement of the closure of the large limit set. In the particular case in which Γ is a cocompact group, the set Ω max Γ is naturally homeomorphic to the set of parameterized geodesics in one factor, as shown in [8] .
This max metric is a Finsler metric. Bordifications through Finsler metrics of symmetric spaces have been used by Kapovich and Leeb [9] to obtain a characterization of Anosov representations. In a product of CAT(−1) spaces, this corresponds to the 1 metric.
So far we have seen that the max compactification is very convenient for diagonal actions, but it would be interesting to see in what other cases it is useful. For Γ an infinite hyperbolic group, we consider ρ 1 and ρ 2 two quasiconvex representations on the isometries of two different CAT(−1) spaces X 1 and X 2 , and their product action ρ 1 × ρ 2 on X 1 × X 2 . In analogy to the diagonal case, it is reasonable to ask under what conditions the large limit set Λ ρ 1 ×ρ 2 of the product action also remains inside the regular part of the boundary. We see that the large limit set being regular implies that
and uniformely for any γ, γ ∈ Γ. Two representations satisfying this condition are said to be coarsely equivalent. In its turn this condition is related to the so called marked length spectrum conjecture, since it implies that the translation lengths of the two representations are the same. Indeed, we prove the following: Proposition 1.2. Let X 1 , X 2 be proper CAT(−1) spaces and X 1 × X 2 max the horofunction compactification with respect to d max . Let Γ be an infinite hyperbolic group and ρ 1 : Γ → Isom(X 1 ), ρ 2 : Γ → Isom(X 2 ) two quasiconvex representations. The following are equivalent:
where τ (ρ i (γ)) are the translation lengths for i = 1, 2.
If both representations ρ 1 and ρ 2 , apart from being coarsely equivalent, are also cocompact, then the spaces X 1 and X 2 are almost-isometric. This means that there exists an almost-isometry between the spaces, which is a quasi-isometry with multiplicative constant one. This almost-isometry allows to construct a coarse equivariant map between the regular part of the ideal boundaries of X 1 × X 1 and X 1 × X 2 , so that the open set in ∂ max ∞ (X 1 × X 1 ) of Theorem 1.1 is mapped to an open set Ω max Γ ⊂ ∂ max ∞ (X 1 × X 2 ) with good properties: Theorem 1.3. Let X 1 , X 2 be proper CAT(−1) spaces and X 1 × X 2 max the horofunction compactification with respect to d max . Let Γ be a hyperbolic group and ρ 1 : Γ → Isom(X 1 ), ρ 2 : Γ → Isom(X 2 ) two cocompact discrete representations. If ρ 1 and ρ 2 are coarsely equivalent, then there exists an open subset Ω max Γ ⊂ ∂ max ∞ (X 1 × X 2 ) such that the product action of Γ on X 1 × X 2 ∪ Ω max Γ is properly discontinuous and cocompact.
Preliminaries
A metric space is said to be proper if all its closed balls are compact, and geodesic if any two points can be joined by a geodesic segment.
A CAT(−1) space X is a geodesic metric space where triangles are thinner than comparison triangles in the hyperbolic plane. More precisely, for any two points x, y in any geodesic triangle ∆ ⊂ X, and the corresponding comparison points x, y in a comparison geodesic triangle ∆ ⊂ H 2 :
Similarly, a CAT(0) space satisfies the same condition placing the comparison triangles in the euclidean plane. In particular, CAT(−1) spaces are also CAT(0) spaces. A good reference for these spaces is [3] .
Two rays c(t), c (t) in a metric space are said to be asymptotic if they satisfy d(c(t), c (t)) ≤ C for any t ≥ 0. The visual boundary ∂ ∞ X of a metric space X is the set of equivalent classes of asymptotic rays. In a proper CAT(0) space X = X ∪ ∂ ∞ X can be given a topology (the cone topology, see [3] ) such that both X and ∂ ∞ X are compact. X is known as the visual compactification.
An action on a topological space X is properly discontinuous if every compact set intersects finitely many of its translates. For proper metric spaces this is equivalent to the fact that every point has an open neighborhood which only intersects finitely many of its translates. The action is cocompact if there exists a compact set K ⊂ X whose translates cover X. For Γ a discrete group of the isometries of a proper CAT(0) space, the limit set Λ Γ is defined as the set of accumulation points of an orbit on ∂ ∞ X and it is independent of the orbit. For a CAT(−1) space X, the complementary of Λ Γ in ∂ ∞ X is the domain of discontinuity Ω Γ and Γ acts properly discontinuously on Ω Γ [5] .
The weak convex hull of a set S ⊂ X is the union of all segments, rays, and geodesic lines of X with endpoints in S. A set S ⊂ X is quasi-convex if it is contained in an epsilon neighborhood of its weak convex hull. A group Γ of the isometries of a CAT(−1) space X is quasi-convex if it acts properly discontinuously on X and any orbit is a quasi-convex set.
A quasi-isometric embedding between metric spaces X, Y is a map f : X → Y such that there exists constants A ≥ 1 and C ≥ 0 such that for every
If the map f is also coarsely onto, i.e. for each y ∈ Y there exists x ∈ X with: d Y (f (x), y) ≤ C, then it is a quasi-isometry. An almost-isometry is a quasi-isometry with multiplicative constant A = 1.
A quasi-convex group of isometries of a CAT(−1) space X is hyperbolic and finitely generated. Moreover, the orbit map:
is a quasi-isometric embedding for any o ∈ X and it extends to an equivariant homeomorphism (which is also Lipschitz and quasi-conformal) from ∂ ∞ Γ to its limit set Λ Γ , [2] . The action of a quasi-convex group on X ∪Ω Γ is properly discontinuous [5] and cocompact [15] .
The max compactification
Let (X 1 , d 1 ), (X 2 , d 2 ) be two proper CAT(−1) spaces, and consider the product space X 1 × X 2 , together with the max metric d max (or ∞ metric), which is defined as:
for any (x, y), (x , y ) in X 1 × X 2 . The metrics d max and the product metric:
are comparable so they induce the same topology in X 1 ×X 2 . For X 1 and X 2 proper geodesic spaces (X 1 × X 2 , d max ) is also a proper geodesic space, [13, Prop.2.6.6] . In this section, we compute the horofunction compactification of X 1 × X 2 with respect to the metric d max .
Let X be a proper metric space and C * (X) its space of continuous functions (with the topology of uniform convergence on compact sets) modulo the additive action of the subspace of constant functions. The Gromov or horofunction compactification of X is the closure in C * (X) of the image of the map:
which assigns to each point x in X the class in C * (X) of the distance function with respect to this point, see [1] . We denote the horofunction compactification of X by X. The ideal boundary, denoted by ∂ ∞ X, is the set X \ ι(X). For a proper metric space both X and ∂ ∞ X are compact and metrizable spaces. When we say that a sequence (x n ) n converges to an ideal point ξ in the horofunction compactification, x n → ξ, we mean that for a base point o ∈ X the corresponding sequence of normalized distance functions converges uniformly on compact sets to the horofunction h o ξ . The level sets of a horofunction are known as horospheres and the sublevel sets as horoballs. Observe that two horofunctions in the same equivalence class differ by a constant and share the same set of horospheres and horoballs. The horofunctions of a proper CAT(0) space are Busemann functions:
for some geodesic ray c(t) in X.
In a proper CAT(0) space X, given a point o ∈ X and an ideal point ξ ∈ ∂ ∞ X there is a unique ray c(t) such that c(0) = o and its associated Busemann function is in the class ξ. This Busemann function is denoted by
This allows to prove that the horofunction compactification and the visual compactification of a proper CAT(0) space are equivalent [3, Cor. 8.20 ].
Lemma 3.6 (cf. [3] ). On a CAT(0) space X:
The Gromov or horofunction compactification of (X 1 × X 2 , d max ) is denoted by X 1 × X 2 max and its ideal boundary by ∂ max ∞ (X 1 ×X 2 ). We choose a base point O = (o, o ) with o ∈ X 1 and o ∈ X 2 and then, as a representative of a class of normalized distance functions, we have the function:
Then, by Remark 3.1,
Given a diverging sequence (x n , y n ) ⊂ (X 1 × X 2 , d max ), we distinguish two cases, up to subsequence:
is bounded, then we are in the first case, as we assume that (x n , y n ) diverges. (II) If |d 1 (x n , o) − d 2 (y n , o )| remains bounded, then, up to a subsequence,
for some C ∈ R.
Proof. We do the proof for case (II), the other case can be obtained in a similar fashion. For each n, denote C n = d 1 (x n , o) − d 2 (y n , o ) and assume to simplify that C n ≥ 0. Then, d O max ((x n , y n ), (z, z )) can be rewritten as:
Using that the space is proper, that the maximum is continuous, and that d 1 (x n , x)−d 1 (x n , o) → β o ξ and d 2 (y n , y)−d 2 (y n , o )−C n → β o ξ −C uniformly on compact sets of X 1 and X 2 , respectively:
We call the set of boundary points with a representative of the form β o ξ (z) or β o ξ (z ), i.e. case (I), the singular part of the boundary and we denote it by ∂ max ∞ (X 1 × X 2 ) sing . The rest of the points, those with a representative of the form max{β o ξ (z), β o ξ (z ) + C} with C ∈ R, i.e. case (II), define the regular part of the boundary and we denote this set by ∂ max ∞ (X 1 × X 2 ) reg . Using that the set of Busemann functions in one factor is naturally identified to the boundary of this factor, we have:
consists in associating to a Busemann function that takes values only in the first (second) factor of X 1 × X 2 the same Busemann function viewed as a point of the first (second) factor in
For the regular part, notice that we can get rid of the additive constant in Proposition 3.7 by changing the base point. Thus regular points are the classes modulo constant of the functions max{β p
Remark 3.10. If we fix p = o and p = o , then homeomorphism (1) takes the form:
Proof of Prop. 3.9. To prove that the map is well defined, consider rays c : [0, +∞) → X 1 with c(0) = p and c : [0, +∞) → X 2 with c (0) = p . Then, by Lemma 3.6 lim t→+∞ max{β p ξ (c(t)), β p ξ (c (t))} = −∞ if and only if c(+∞) = ξ and c (+∞) = ξ ; otherwise this limit is +∞. From this property it easily follows that ϕ reg is well defined and injective. In addition, surjectivity follows easily from formula (2) and the properties of Busemann functions (Lemma 3.6). Again using formula (2), continuity of ϕ −1 reg follows from construction.
To prove continuity of ϕ reg , as ideal boundaries are metrizable, we use (1) is clearly continuous, hence C n → C. By compactness of ∂ ∞ X i , up to subsequence ξ n → ξ ∞ and ξ n → ξ ∞ . By injectivity of ϕ reg , ξ ∞ = η and ξ ∞ = η and we get continuity.
Remark 3.11. Observe that a sequence (x n , y n ) converges to (ξ, ξ , C) iff:
Let Join(∂ ∞ X 1 , ∂ ∞ X 2 ) denote the topological join of ∂ ∞ X 1 and ∂ ∞ X 2 . Propositions 3.8 and 3.9 can be improved to:
Diagonal actions
Let Γ be an infinite quasi-convex group of the isometries of a proper CAT(−1) space X. In this section we consider the diagonal action of Γ on X × X:
The diagonal action extends continuously to the ideal boundary of the max compactification. The following is straightforward:
Under the identification in Remark 3.10 the diagonal action maps a singular point ξ to γξ, and a regular point
. In this section we prove that there is an open subset Ω max Γ ⊂ ∂ max ∞ (X ×X) where the diagonal action of Γ is properly discontinuous and cocompact. In Subsection 4.1 we prove that the nearest point projection of X × X to the diagonal ∆ ⊂ X × X extends continuously to X × X max . In Subsection 4.2 we use this projection to show that there exist such set Ω max Γ ⊂ ∂ max ∞ (X ×X). Moreover, we see that the action on the whole X × X ∪ Ω max Γ is properly discontinuous and cocompact and that Ω max Γ is the largest open set of the boundary that satisfies these conditions. 4.1. Extending the projection to the diagonal. The nearest point projection from X × X to the diagonal for the max distance is given by the midpoint:
where ∆ is the diagonal in X × X:
and m is the midpoint of the geodesic segment joining x and y. By construction, π is continuous and equivariant.
In this section we extend it continuously to a map
where ∆ max is the closure of ∆ in X × X max , and
For this purpose, we consider the decomposition
, and and ϕ reg is the homeomorphism in Proposition 3.9. In [8] the projection is extended continuously to a map Ω max → ∆ Following [8] , the extension uses that Ω max is naturally homeomorphic to the set G of parameterized geodesics in X (with the topology of uniform convergence on compact sets) through the map:
Via this identification, by [8] the projection extends continuously to
Remark 4.4. We have an equivariant homeomorphism ϕ = ϕ reg • ϕ, given by:
where:
Therefore, a geodesic g corresponds to a point
which on its turn corresponds to the regular point:
For the continuity ofπ, we use of that the Gromov product extends continuously to the boundary of a proper CAT(−1) space [4, Proposition 3.4.2]. The Gromov product of two points x, y ∈ X with respect to a base point o ∈ X is defined as:
For ξ, ξ two points in the visual boundary of a proper CAT(−1) the Gromov product is defined as: lim
For g a geodesic in X, the Gromov product of the ideal points g(+∞) and g(−∞) with respect to a base point o, can be written in terms of Busemann functions as:
. The Gromov product for ideal points satisfies:
see [4] . Similarly two sequences x i , y j have the same limit iff:
Proof. The equivariance follows from naturality. For the continuity, we have also seen in [8] thatπ restricted to X ×X ∪Ω max is continuous, but it remains to be proved that it is continuous in the rest of the points. There are mainly two cases to check. First, we have to see that the image of a sequence of points (x n , y n ) in X × X that converges to an ideal point, either in the singular part or in the diagonal of the regular part of the boundary, converges to the image of this ideal point. This is case (I) in the proof. Second, we have to check that the image of a sequence of ideal points that converges to an ideal point either in the diagonal of the regular part or in the singular part of the boundary, converges to the image of the ideal point. This is case (II) in the proof. Along all the proof, m n will denote the midpoint of the segment joining x n and y n . Case (I). Consider a sequence (x n , y n ) in X × X converging to an ideal point. We distinguish two subcases: the limit of the sequence is a singular point (a) or the limit is a point in the diagonal of the regular part (b).
Subcase (a). Suppose, up to permuting factors, that the sequence converges to a singular point in the boundary of the first factor: (
, and using the definition of the Gromov product, we have:
Henceforth (x n |m n ) o → +∞, and by the properties of the Gromov product, x n and m n have the same limit. Therefore,π((x n , y n )) = m n →π([β o ξ ]) = ξ. Subcase (b). Now suppose that the sequence converges to a diagonal point in the regular part of the boundary:
Using the definition of the Gromov product again and reorganizing terms, we have:
is uniformly bounded and (x n |y n ) o → ∞, since both x n and y n converge to the same point. Then, from equation (5), we deduce that (x n |m n ) o → +∞, which implies that m n → ξ,
with limit a regular point in the diagonal, subcase (a), or a singular point, subcase (b). From now on, g n will denote the geodesic corresponding to a point
Subcase (a). Suppose that the sequence converges to a regular diagonal point:
In this case ξ n → ξ, ξ n → ξ and C n → C. Now, for each n, we consider a sequence of points x k in X such that x k → ξ n . Using the fact that the Gromov product extends continuously to the boundary of a CAT(−1) space, and the definition of Busemann function, we can write:
Similarly, taking a sequence y k in X for each n, with y k → ξ n :
Adding the two equalities above we obtain:
By compactness of X, up to a subsequence we may assume that g n (0) → η ∈ X. Then, since d(g n (0), o) ≥ 0 and (ξ n |ξ n ) o → (ξ|ξ) o = +∞, by equality (6) we have that (η|ξ) o = +∞. So ξ = η and g n (0) → ξ. Therefore, every convergent subsequent of g n (0) converges to ξ and then g n (0) converges to
Next we suppose that the sequence converges to a singular point, a Busemann function in the second factor (up to permutation of
with ξ n → ξ, ξ n → ξ and since β o ξ is a Busemann function in the second factor, C n → +∞. Observe that ξ and ξ might be equal.
Similarly to the preceding case, for each n:
and we can combine the two equalities to get:
Here we have used that C n = β o ξn (g n (0)) − β o ξ n (g n (0)) by Remark 4.4. Now, since (g n (0)|ξ n ) o ≥ 0 and C n → +∞ we have that (g n (0)|ξ n ) o → +∞ and
Let Γ be an infinite quasi-convex group of the isometries of X. We denote by Λ Γ its limit set, which is the set of accumulation points of an orbit in ∂ ∞ X, and by Ω Γ , its domain of discontinuity, which is the complementary of the limit set in ∂ ∞ X. The action of Γ on X ∪ Ω Γ is properly discontinuous and cocompact [5, 15] . Next we show that the diagonal action of Γ on the inverse image by the projectionπ of X ∪ Ω Γ is also properly discontinuous and cocompact:
Theorem 4.6. Let X be a proper CAT(−1) space and let Γ ⊂ Isom(X) be an infinite quasi-convex group. The diagonal action of Γ onπ −1 (X ∪ Ω Γ ) is properly discontinuous and cocompact.
Proof. Besides being continuous and equivariant, the projection π is proper, since it is a continuous map from a compact to a Hausdorff space. Therefore, the theorem follows from the proper discontinuity and cocompactness of the action on X ∪ Ω Γ . Now, let Ω max Γ be the intersection ofπ −1 (X ∪Ω Γ ) with the ideal boundary of X × X max :
, and let ∆ Γ be the subset of the diagonal in ∂ ∞ X × ∂ ∞ X that corresponds to the limit points of the action of Γ on X:
Remark 4.7. Via the homeomorphism in Proposition 3.12 that identifies
Observe that when Γ is a cocompact group Ω max Γ is just the set Ω max of the previous subsection.
In Proposition 4.10 we will show that Ω max Γ is the largest open set of the boundary where the diagonal action is properly discontinuous. But first, let us study the limit set of this action on ∂ max ∞ (X × X). Since (X × X, d max ) is no longer CAT(0), the set of accumulation points of each orbit depends on the orbit. We define the large limit set of the diagonal action as the union of all the accumulation points of each orbit on ∂ max ∞ (X × X):
Lemma 4.8. The large limit set Λ of the diagonal action of Γ on X × X max seen under the homeomorphism ϕ reg is
Proof. First, observe that the limit of any sequence (γ n x, γ n y) that converges to the ideal boundary is contained in ∆ Γ × R. Indeed, by the triangle inequality, |d(γ n x, o) − d(γ n y, o)| ≤ d(x, y), so the limit will be a regular point. Moreover if γ n x → ξ then γ n y → ξ since d(γ n x, γ n y) = d(x, y), i.e. the sequences γ n x and γ n y stay within a bounded distance. Therefore the limit point lies in ∆ Γ × R. Moreover, any point (ξ, ξ, C) for ξ ∈ Λ Γ belongs to the limit set. Take any sequence γ n such that γ n o → ξ. Let ξ be an accumulation point for γ −1 n o and x,y two points satisfying:
Then (ξ, ξ, C) is the limit of the sequence (γ n x, γ n y).
Remark 4.9. The large limit set Λ is not closed but observe that the com-
Proof. By Remark 4.7, any open set A containing Ω max Γ , and strictly larger than Ω max Γ , contains points of ∆ Γ × R. Then, by Lemma 4.8, A contains points of the limit set so the action on A cannot be properly discontinuous.
Examples
In this section we consider some examples for the max compactification of diagonal actions. The first one is the diagonal action of a cocompact group of isometries of a riemannian manifold. The second one is the action of a Schottky group on H 2 × H 2 . Finally we describe an example of the max compactification of a diagonal action on the product of two trees. This is also an example where the nearest point projection to the diagonal is not a fibration.
Compact riemannian manifolds.
Recall that the fibre, restricted to X × X, ofπ over a point (a, a) in the diagonal is the set of points (x, y) such that a is the midpoint of the segment joining x and y. If X = H 2 , then the fibre over (a, a) ∈ ∆ ⊂ H 2 × H 2 is the set:
where s a x is the symmetric point of x with respect to a. Then F a ∼ = H 2 for any a, through the map (x, s a x) → x, and all the fibres over the diagonal are homeomorphic to disks. The boundary at infinity of the fibre over (a, a) is the set of parameterized geodesics with g(0) = a, so:
For S = H 2 /Γ a compact hyperbolic surface, the max compactification of (H 2 × H 2 )/Γ is the fibration by closed disks of S = H 2 /Γ, so:
The same is true for a Cartan-Hadamard manifold X of dimension n and sectional curvature ≤ −1: ∂ ∞ F x is identified with the unitary tangent at x, (T x X) 1 ∼ = S n−1 , and the fibre over each point of the diagonal is a closed disk. If M = X/Γ is a compact manifold, then the compactification of (X × X)/Γ with respect to the max metric is homeomorphic to the fibration by closed disks of M = X/Γ:
5.2.
Schottky groups acting on H 2 . To discuss the non compact case we focus on Schottky groups. Let Γ be a Schottky group acting on H 2 generated by two hyperbolic translation, each one pairing two geodesics as in Fig 1. This is a quasi-convex action of H 2 and the region delimited by the geodesics is a fundamental domain for the action. The quotient H 2 /Γ is topologically a torus minus a closed disk: T \ D. Therefore, the quotient of ∆ by the diagonal action of Γ is also a torus minus a closed disk, and the quotient of X × X by the diagonal action is the fibration by disks of this surface: (T \ D) × D, as it follows from Example 5.1.
Figure 1
Let us analyze the max compactification of this manifold. Let us understand how this annulus S 1 × [0, 1] is added to the bundle (T \ D) × D. It is sufficient to understand what happens on the universal cover. As a sequence of points in the diagonal converges to the ideal boundary, the fibres over this sequence collapse to a segment. Let us make this statement more precise. Fix a base point o ∈ H 2 and let us work with the identification of ∂ ∞ (X × X) max with Join(∂ ∞ X 1 , ∂ ∞ X 2 ). Let g be a geodesic line in the diagonal of (H 2 × H 2 , d max ), with endpoints (ξ, ξ, 0) and (ξ , ξ , 0). Consider a sequence of points (p n , p n ) ∈ g converging to one of the endpoints of the geodesic, for instance to (ξ, ξ, 0). As the diagonal is isometric to the hyperbolic plane through the natural identification (x, x) → x , we can think of the geodesic line g as a geodesic line in H 2 . For each n the fibre over the point (p n , p n ) with respect to the nearest point projection, F (pn,pn) , is isometric to a hyperbolic plane through the map (x, s pn x) → x. Let o be the orthogonal projection of o to g in H 2 . For each n, there is an isometry η n : F (pn,pn) → H 2 that brings the point (p n , p n ) to o and the geodesic through (o , s pn o ) and (p n , p n ) to g. These isometries η n allow us to have a reference in H 2 to understand the behavior of the fibres along the geodesic g in (H 2 × H 2 , d max ).
Proposition 5.1. Let (x n , x n ) n ⊂ H 2 × H 2 be a sequence such that, for all n and for a fixed x ∈ H 2 , (x n , x n ) ∈ F (pn,pn) and η n ((x n , x n )) = x. Then, the sequence (x n , x n ) converges to the point (ξ, ξ, 2C), where C is the signed distance from o to the orthogonal projection of x to g.
Proof. Let x ∈ H 2 be as in the statement and let y be the orthogonal projection of x to the geodesic line g. Since for each n, (x n , x n ) ∈ F (pn,pn) we have that x n = s pn x n and by definition, η −1 n (y) = (y n , s pn y n ) for y n the orthogonal projection of x n to g. Observe that, for n large enough, Since d(x n , p n ) = d(x, o ) and d(y n , p n ) = d(y, o ), and p n → ξ, it follows that x n → ξ and y n → ξ. Moreover:
Hence (x n , x n ) = (x n , s p n x n ) → (ξ, ξ, 2d(y, o )) when n → ∞.
Remark 5.2. From Proposition 5.1 it follows that for each line l perpendicular to g and for each x ∈ l, the sequence η −1 n (x) converges to the point
where C is the signed distance from o to the intersection of l and g.
Therefore in the compactification of the quotient surface we have a closed disk over each point of the surface and as we follow a geodesic that escapes to infinity in the surface, the disks along this geodesic end up collapsing to a segment.
Constant valence trees.
Let T be the tree of valence 4 and edges of length one, and consider the diagonal ∆ ⊂ T × T . If we consider the nearest point projection to the diagonal, the fibres over different points of ∆ might be different. In fact, given (a, a) ∈ ∆ there are three possible fibres, which are topologically not equivalent, depending on whether a ∈ T is a vertex, a point in the middle of an edge or a generic point in an edge. Theorem 5.3. For T the tree of valence four and edges of length one, the fibres over ∆ are of one of the following mutually exclusive types:
(1) Generic fibres. For a ∈ T a generic point in an edge, the fibre over (a, a) is a tree of valence 4. The distance from a to its nearest vertex in T , L with 0 < L < 1/2, parametrizes the metric in the fibre. Along any path through (a, a), the length of consecutive edges alternates between 2L and L = 1 − 2L. The point (a, a) is the midpoint of an edge of length 2L. the point (a, a) is the midpoint of an edge. This is the limit of the previous case when L → 1/2. (a, a) , which is a valence 12 vertex. All edges have length 1. This is the limit of the generic case when L → 0, taking into account that there are four fibres approaching to the base point, one for each edge in T arising from a.
Figure 4
Proof. We do the proof for the vertex fibre, the others are a little bit more subtle but they follow from similar arguments. Let a be a vertex and denote by (x, y) a point in the fibre over (a, a). For each x in a edge arising from a, there are three possibilities for y, such that a is the midpoint of x and y, one from each of the three remaining edges. In total there are 4 edges arising from a, so there are 4 · 3 = 12 edges arising from (a, a). Remark 5.4. The quotient by the natural diagonal action of the free group on T × T maps on a wedge of two circles, which is the quotient of the base, with a fibre of vertex type over the common point of the two circles, two f ibres of midpoint type, one in each circle and the rest of the fibres of generic type. Then, the ideal boundary of each fibre in the max compactification is its boundary at infinity as a tree, which is a Cantor set in any case.
Remark 5.5. In general, for a tree T n of constant valence n, n > 2, and edges of length one, the fibres over the diagonal are also of three non topologically equivalent forms: The quotient of the diagonal action of F n on T 2n is a bouquet of n circles with a vertex fibre in the common point of the circles, a midpoint fibre in each circle, and the rest of the fibres of generic type. Again, the ideal boundary of each fibre in the max compactification is its boundary at infinity as a tree.
Product actions
Let (X 1 , d 1 ) and (X 2 , d 2 ) be two proper CAT(−1) spaces and let Γ be an infinite hyperbolic group with ρ 1 : Γ → Isom(X 1 ), ρ 2 : Γ → Isom(X 2 ) two quasi-convex representations. In this section we will study under what conditions the large limit set Λ ρ 1 ×ρ 2 of the product action:
lies inside the regular part of the boundary. We will see that asking the large limit set to lie in the regular part of the boundary is in fact a very restrictive condition, which is related to the marked length spectrum conjecture. Indeed, in Section 6.1 we will prove the following proposition: Proposition 6.1. Let X 1 , X 2 be proper CAT(−1) spaces and X 1 × X 2 max the horofunction compactification with respect to d max . Let Γ be an infinite hyperbolic group and ρ 1 : Γ → Isom(X 1 ), ρ 2 : Γ → Isom(X 2 ) two quasiconvex representations. The following are equivalent:
Condition (c) means that the two representations have the same translation lengths. Condition (b) in Theorem 6.1 stands for the two representations being coarsely equivalent: Definition 6.2. The representations ρ 1 , ρ 2 are said to be coarsely equivalent, written ρ 1 C.E. ρ 2 , if there exists C > 0 such that:
If the representations are coarsely equivalent for some o ∈ X 1 , o ∈ X 2 then they are coarsely equivalent for any x ∈ X 1 , x ∈ X 2 . We will see later in Lemma 6.12 how the bound changes with the choice of orbit. Definition 6.3. A K-almost-isometry between two metric spaces is a map f : X 1 → X 2 such that |d(x, y) − d(f (x), f (y))| ≤ K, ∀x, y ∈ K and X 2 lies in the K-neighborhood of f (X 1 ).
If ρ 1 and ρ 2 are coarsely equivalent and cocompact, then the spaces X 1 and X 2 are equivariantly almost-isometric. In this case it is possible to find a subset Ω max Γ of ∂ max ∞ (X 1 × X 2 ) where the product action is properly discontinuous and cocompact. In Section 6.2 we use the existence of this almost-isometry between X 1 and X 2 and its extension to the ideal boundaries of the spaces to show the following theorem: Theorem 6.4. Let X 1 , X 2 be proper CAT(−1) spaces and X 1 × X 2 max the horofunction compactification with respect to d max . Let Γ be a hyperbolic group and ρ 1 : Γ → Isom(X 1 ), ρ 2 : Γ → Isom(X 2 ) two cocompact discrete representations. If ρ 1 and ρ 2 are coarsely equivalent, then there exists a subset Ω max
where the product action of Γ is properly discontinuous and cocompact. 6.1. Regular limit sets and coarse equivalent representations. Let Γ be a group acting on a space X with two metrics d 1 and d 2 that are Γ-invariant. Definition 6.5. Two metrics d 1 and d 2 on a space X are coarsely equivalent if there exists a constant C ≥ 0 such that for all x, y ∈ X, |d 1 (x, y) − d 2 (x, y)| ≤ C Definition 6.6. The metrics d 1 , d 2 have the same marked length spectrum with respect to the action of Γ if τ 1 (γ) = τ 2 (γ) for all γ ∈ Γ, where τ i (γ) is the translation length of γ for d i defined by
n for any x ∈ X.
The equivalence of both definitions for hyperbolic groups follows from results of Furman [7] and Krat [11] . We are interested in a hyperbolic group acting on two proper CAT(-1) spaces (X 1 , d 1 ), (X 2 , d 2 ) via quasi-convex representations ρ 1 , ρ 2 into their respective groups of isometries. A hyperbolic group Γ acts on itself by left translations. Moreover, fixing o i ∈ X i , each representation ρ i induces an orbit map from Γ to the target space X i for i = 1, 2:
These orbit maps induce left invariant metrics d Γ i in Γ by:
so that for i = 1, 2, (Γ, d Γ i ) are Γ invariant metric spaces. Moreover, since (X i , d i ) are proper CAT(−1) spaces and the representations are quasi-convex these metrics are quasi-isometric to a word metric, see [2] . Remark 6.8. The metrics d Γ 1 and d Γ 2 are coarsely equivalent if and only if ρ 1 C.E. ρ 2 . Indeed, in both cases the condition to be satisfied is that there exists a constant C such that
for some o 1 ∈ X 1 , o 2 ∈ X 2 and for all γ, γ ∈ Γ.
Using Remark 6.8, Theorem 6.7 yields: Proposition 6.9. Let X 1 , X 2 be proper CAT(−1) spaces and X 1 × X 2 max the horofunction compactification with respect to d max . Let Γ be an infinite hyperbolic group and ρ 1 : Γ → Isom(X 1 ), ρ 2 : Γ → Isom(X 2 ) two quasiconvex representations. Then:
for all γ ∈ Γ. Now we will work towards equivalence (a) ⇔ (b). Recall that the large limit set of the product action ρ 1 × ρ 2 is the union of the accumulation points of all the orbits on ∂ max ∞ (X 1 × X 2 ):
Recall also that the regular part of the ideal boundary can be identified with the product of the ideal boundaries of each factor and R:
Fixing a base point (o, o ) ∈ X 1 × X 2 , a sequence (x n , y n ) ⊂ X 1 × X 2 converges to a point (ξ, ξ , C) in the regular part if:
Proof. Suppose that ρ 1 and ρ 2 are not coarsely equivalent. This means that there is a sequence γ n in Γ such that
By definition of singular point, this means that (ρ 1 (γ n )o, ρ 2 (γ n )o ) accumulates in the singular part, which proves the proposition.
For the implication (b) ⇒ (a) we need a couple of lemmas. The first one is straightforward from triangle inequality: Lemma 6.11. Let x, y, z and t be four points in a metric space (X, d). Then:
Lemma 6.12. If ρ 1 C.E. ρ 2 then for any x ∈ X 1 , y ∈ X 2 :
for all γ, γ in Γ and for a C depending only on o and o .
Proof. We add and subtract d 1 (ρ 1 (γ)o, ρ 1 (γ )o) and d 2 (ρ 2 (γ)o , ρ 2 (γ )o ) and apply the triangle inequality:
Now, we find a bound for each addend. By Lemma 6.11:
and
In addition, by hypothesis:
so the result follows.
Remark 6.13. Observe that Lemma 6.12 implies that the definition of coarse equivalence does not depend on the orbit.
We want to see that the sequences of the form (ρ 1 (γ n )x, ρ 2 (γ n )y) accumulate in the regular part. Let us see that |d 1 (ρ 1 (γ n )x, o)−d 2 (ρ 2 (γ n )y, o )| is bounded, so every limit point of the sequence is in the regular part. Applying Lemma 6.12 with x = o, y = o and γ = Id we get that |d 1 
Then, it follows from the triangle inequality that
6.2.
Compactification of product actions. In this section we consider ρ 1 : Γ → Isom(X 1 ), ρ 2 : Γ → Isom(X 2 ) two discrete cocompact coarse equivalent representations. We are going to show that, as in the diagonal case, there exists a subset Ω max Γ of the ideal boundary such that the product action on X 1 × X 2 ∪ Ω max Γ is properly discontinuous and cocompact. Lemma 6.15. If ρ 1 : Γ → Isom(X 1 ), ρ 2 : Γ → Isom(X 2 ) are coarsely equivalent cocompact representations, then there exists an equivariant almostisometry f :
Proof. Since the action is cocompact on both spaces X 1 and X 2 , each of these spaces is equivariantly almost-isometric to any orbit of Γ. The condition of coarse equivalence implies that the orbits of Γ on X 1 are equivariantly almost-isometric to the orbits of Γ on X 2 . Remark 6.16. The almost-isometry f is not unique, because of the different choices of orbits and choices of almost-isometries between the space X i and the orbit.
To find Ω max Γ , the basic idea is to use the map Id × f :
(where f : X 1 → X 2 is the almost-isometry of Lemma 6.15) to translate the properties of the diagonal action ρ 1 × ρ 1 on X 1 × X 1 to the product action
The almost-isometry f of Lemma 6.15 has an almost-inverse f −1 : X 2 → X 1 such that:
for any x 1 ∈ X 1 and x 2 ∈ X 2 . Let f be one of the almost-isometries in Remark 6.16. Since quasi-isometries between CAT(−1) spaces extend to homeomorphisms of the boundaries, f extends to an equivariant homeomorphism:
whose inverse is the extension of the almost-isometry f −1 .
Remark 6.17. All the choices of almost-isometries in Remark 6.16 extend to the same map f :
Now let ∆ f be the set:
and recall, from Proposition 3.9, that ∂ max
To show that the action on X 1 × X 2 ∪ Ω max Γ is properly discontinuous and cocompact we construct a map
For that purpose, recall that if G denotes the space of parameterized geodesics of X 1 , then we have an equivariant homeomorphism
Thus consider the map:
where G is the set of parameterized geodesics of X 1 and C g is defined as:
for some choice of an equivariant almost-isometry f between X 1 and X 2 . The map ϕ may be non continuous. Moreover, if we replace the sequence n in the definition of C g by another diverging sequence of positive reals, or if we choose another equivariant almost-isometry f , the definition of ϕ will differ, but the coarse results below will still hold. We first study the coarse properties of ϕ • ϕ −1 .
Lemma 6.18. Let g ∈ G. Then:
for K the constant of almost-isometry of f .
Proof. We can rewrite C g as:
As d 1 (g(n), o) − d 1 (g(−n), o) converges to C g :
and since f is an almost-isometry, we have:
The lemma follows from the last two equations.
Remark 6.19. We have shown that we have a map:
Next we show coarse equivariance of this map. First we describe the actions on the factor R. To write the representative of the ideal points we choose a base point (o, f (o) ), for f the almost-isometry chosen in the definition of ϕ.
Similarly, it can be checked that
via the product action, where:
, if we take as a base point for the compactification a point (o, f (o)) ∈ X 1 ×X 2 .
We next get the following estimate:
The equality follows from Remark 6.20. For the inequality, we use the identification of the domains with the space of geodesics in X and write ξ = g(+∞), ξ = g(−∞). By definition:
and:
As f is an almost-isometry with constant K, we have that:
and the lemma follows.
Next we compare
using the equivariance of f and ϕ. We see in next lemma that (ρ 1 ×ρ 2 )(γ)C g is at a bounded distance from C ρ 1 (γ)g . So we say that the map ϕ • ϕ −1 is almost-equivariant.
∂ ∞ X 1 ) \ ∆ ∞ ) × R and the corresponding geodesic g via the homeomorphism of G with (∂ ∞ X 1 ×∂ ∞ X 1 )\∆ ∞ ) (so (ξ, f −1 (ξ ), C) = (g(+∞), g(−∞), C g )). By Lemma 6.20, ϕ(g) = (ξ, ξ , C g ) with |C g − C| ≤ K, and since |C| ≤ D we have that
we have that |(ρ 1 × ρ 2 )(γ)C| ≤ D and since |C − C g | ≤ K, it follows by Lemma 6.23 that |(ρ 1 × ρ 2 )(γ)C g | ≤ D + K. Then, from Lemma 6.22, it follows that
and given that ρ 1 (γ)g is the geodesic that corresponds to the point (ρ 1 × ρ 1 )(γ)(ξ, f −1 (ξ ), C), we have that:
by Lemma 6.18. But we have just seen that |C ρ 1 (γ)g | ≤ D + 5K so |(ρ 1 × ρ 1 )(γ)C| ≤ D + 6K. It follows that:
Proposition 6.25. The product action of Γ on Ω max Γ is cocompact.
Proof. We know that Γ acts cocompactly on ((
We are going to see that:
.
Then:
with |C − C g | ≤ K by Lemma 6.18, and where ϕ = ϕ • ϕ −1 . Therefore:
for some γ ∈ Γ and,
This last fact implies that there exists some point (α, α , B) ∈ M × [−D, D] such that its corresponding geodesic g satisfies:
Developing each term of the equality, we have:
It follows then, that α = ρ 1 (γ) −1 ξ, f (α ) = ρ 2 (γ) −1 ξ , and:
By Lemma 6.22, the point:
and since |C − C g | ≤ K, we have by Lemma 6.23 that |(ρ 1 × ρ 2 )(γ −1 )C| ≤ D + 6K. Therefore: Now we consider the action in the whole X 1 × X 2 ∪ Ω max Γ . Theorem 6.26. The product action of Γ on X 1 × X 2 ∪ Ω max Γ is properly discontinuous and cocompact.
Proof. To prove that the action of Γ on X 1 × X 2 ∪ Ω max Γ is properly discontinuous we are going to see that no two points in X 1 × X 2 ∪ Ω max Γ are dynamically related. Recall that two points x, y in a space Z are dynamically related by Γ if there exists sequences z n → x and γ n → ∞, such that γ n z n → y, see [6] . Since the action is properly discontinuous on both X 1 ×X 2 and Ω max Γ , it is enough to check that if (x n , y n ) is a sequence in X 1 × X 2 which converges to a point in Ω max Γ , then there is no divergent sequence (γ n ) n ⊂ Γ such that (ρ 1 (γ n )x n , ρ 2 (γ n )y n ) accumulates on X 1 × X 2 ∪ Ω max Γ . If (ρ 1 (γ n )x n , ρ 2 (γ n )y n ) accumulates to a point (x, y) ∈ X 1 × X 2 , then the sequences ρ 1 (γ n ) −1 x and x n remain at a bounded distance and converge at infinity at the same point. And similarly for ρ 2 (γ n ) −1 y and y n . Therefore the limit of (ρ 1 (γ n ) −1 x, ρ 2 (γ n ) −1 y) lies both in the limit set and Ω max Γ , hence a contradiction. Therefore, we will assume that (ρ 1 (γ n )x n , ρ 2 (γ n )y n ) accumulates on Ω max Γ . Let (x n , y n ) be a sequence in X 1 × X 2 with (x n , y n ) → (ξ, ξ , C) ∈ Ω max Γ , so there exists some N > 0 such that |d 1 (x n , o) − d 2 (y n , f (o))| ≤ N for all n. Suppose that there exists (γ n ) n ⊂ Γ, γ n → ∞, such that the sequence (ρ 1 (γ n )x n , ρ 2 (γ n )y n ) accumulates at some point (η, η , D) ∈ Ω max Γ ⊂ ∂ max ∞ (X 1 ×X 2 ). Then, there is a subsequence (ρ 1 (γ m )x m , ρ 2 (γ m )y m ) which converges to (η, η , D) and some M > 0 such that |d 1 (ρ 1 (γ m )x m , o) − d 2 (ρ 2 (γ m )y m , f (o))| ≤ M for all m. Now consider the sequence (x m , f −1 (y m )) in X 1 × X 1 . This sequence has a subsequence (x k , f −1 (y k )) which converges to some point (ξ, f −1 (ξ ), A) ∈ Ω max Γ since: Also, the sequence (ρ 1 (γ k )x k , ρ 1 (γ k )f −1 (y k )) accumulates at some point (η, f −1 (η ), B) in Ω max Γ ⊂ ∂ max ∞ (X 1 × X 1 ), since similarly as before:
We have then, that the points (ξ, f −1 (ξ ), A) and (η, f −1 (η ), B) in X 1 ×X 1 ∪ Ω max Γ are dynamically related, which is a contradiction, since the diagonal action on X 1 × X 1 ∪ Ω max Γ is properly discontinuous. To prove the cocompactness, we are going to see that each sequence in the quotient (X 1 × X 2 ∪ Ω max Γ )/Γ has a convergent subsequence. Let (x n , y n ) be a sequence in X 1 × X 2 and consider the sequence (x n , f −1 (y n )) in X 1 × X 1 . For each n, let m n be the midpoint of the segment joining x n and f −1 (y n ). Since the action of Γ on X 1 is cocompact, there exists an R > 0 such that for each n there is an isometry γ n such that γ n m n ∈ B(o, R). Now, consider the sequence (ρ 1 (γ n )x n , ρ 2 (γ n )y n ). If this sequence is bounded we are done because then it has a convergent subsequence. If it is not bounded, there are two possibilities: either |d 1 (ρ 1 (γ n )x n , o)−d 2 (ρ 2 (γ n )y n , f (o))| is uniformly bounded for all n or it is not. In both cases, we seek a contradiction.
In the first case, (ρ 1 (γ n )x n , ρ 2 (γ n )y n ) has a subsequence that satisfies ρ 1 (γ n )x n → ξ, ρ 2 (γ n )y n → ξ and d 1 (ρ 1 (γ n )x n , o) − d 2 (ρ 2 (γ n )y n , f (o)) → C for some ξ ∈ ∂ ∞ X 1 , ξ ∈ ∂ ∞ X 2 and C ∈ R. If ξ = f (ξ ) we are done because the sequence (ρ 1 (γ n )x n , ρ 2 (γ n )y n ) converges to a point in Ω max Γ . If f (ξ) = ξ , we have that f −1 (ρ 2 (γ n )y n ) → f −1 (ξ ) = ξ which implies, by the equivariance of f , that ρ 1 (γ n )f −1 (y n ) → ξ. But, that ρ 1 (γ n )f −1 (y n ) → ξ and ρ 1 (γ n )x n → ξ implies that ρ 1 (γ n )m n → ξ, which is a contradiction.
In the second case, namely, if there is a subsequence such that |d 1 (ρ 1 (γ n )x n , o) − d 2 (ρ 2 (γ n )y n , f (o))| → +∞, then |d 1 (ρ 1 (γ n )x n , o) − d 1 (ρ 1 (γ n )f −1 (y n ), o)| → +∞. Indeed:
:
But, the fact that |d 1 (ρ 1 (γ n )x n , o) − d 1 (ρ 1 (γ n )f −1 (y n ), o)| → +∞ implies that d 1 (ρ 1 (γ n )m n , o) → +∞, which is a contradiction.
